A STUDY OF ENERGY CONCENTRATION AND 
DRAIN IN INCOMPRESSIBLE FLUIDS 



ROMAN SHVYDKOY 

Abstract. In this paper we examine two opposite scenarios of 
energy behavior for solutions of the Euler equation. We show that 
if u is a regular solution on a time interval [0, T) and if u S L r L°° 
for some r > jt + 1, where N is the dimension of the fluid, then 
the energy at the time T cannot concentrate on a set of Hausdorff 
dimension smaller than N — . The same holds for solutions of 
the three-dimensional Navier-Stokes equation in the range 5/3 < 
r < 7/4. Oppositely, if the energy vanishes on a subregion of a 
fluid domain, it must vanish faster than (T — t) 1 ^ 5 , for any 8 > 0. 
The results are applied to find new exclusions of locally self-similar 
blow-up in cases not covered previously in the literature. 



1. Introduction 

We consider evolution of an incompressible N- dimensional ideal fluid 
governed by the Euler equations 

Ut + u ■ Vu + Vp = 

(1) V-m = 0, 

u(t = 0) = wo- 

Here u is the velocity field, p internal pressure, and we assume the 
fluid domain is M. N . For any initial condition uq E H n ^ 2+1+£ there 
exists a unique local-in-time solution u G C([0,T); H N ^ 2+1+e ) with the 
associated pressure given by 

(2) p(t,x) = - |M(t ;. 3:)|2 + P.V. [ K l3 {x - y) Ul {y)u 3 {y) dy, 

where K i3 (y) = ^jjffif , and co N = 2v N l\NT{N /2))^ is the vol- 
ume of the unit ball in Mr. A recent trend in the global regularity 
problem for ([!]) is to rule out model scenarios of blow-up that arise in 
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numerical simulations. The model of particular relevance to this note 
is the locally self-similar blow-up given by 



u(x, t) 

(3) 




P0M) = — ~ss-Q. 

(T-t)— \(T-t)*& 



for \x — xq\ < po, t < T, and a > — 1 (focusing case). These solutions 
emerge, for instance, in vortex line models of Kida's high-symmetry 
flows (see Pelz and others [U [8j [9j [TO]) , although previously self-similar 
blow-up has been observed as well, [7J [2]. In a recent joint effort with 
D. Chae [3] (see also [HEIED]) solutions of the form ([3]) have been ruled 
out under additional integrability condition, v £ L P {R N ) fl Cl oc (R N ), 
p > 3, in the range — 1 < a < and a > ~. In the energy conservative 

scaling a = y, self-similar solutions are excluded provided v £ L 2 and 
the power bounds ctv+t^ ^ l v (2/)| ^ |y| 1<5 hold at infinity. The range 
^ < a < y, or just a < y if no //-condition is assumed, remains 
open at the moment. We remark that finiteness of the total energy of u 
requires v to satisfy the energy growth bound L y \ <L \v{y)\ 2 dy < L N ~ 2a , 
instead of v £ L 2 . It follows from the arguments of [3], that a slightly 
better bound 



(4) / \v(y)\ 2 dy<L N - 2 «o(l), 

'\y\<L 



along with v £ L p , p > 3, implies v = 0. 

The main motivation of this present work is to understand the gen- 
eral energetics of the Euler system that lies behind the results of [3], 
and consequently to exclude new cases of self-similar blow-up in the 
range a < y. To illustrate the thrust of what follows let us consider 
a self-similar solution with a — y. As t — )■ T, the energy density 
\u(x, t)\ 2 tends weakly to the Dirac mass at Xq. We see two different 
types of anomaly: energy concentration on the "small" set {x^}, and 
energy drain elsewhere. One can study these phenomena for general 
solutions of ([1]) by introducing an energy measure at time T. Suppose 
that u is a smooth solution of (CQ) on the interval [0, T). Then the local 
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energy equality 



(5) 



L 

Jn 



u{t ) x)\ 2 a{x) dx = / \uo(x)\ 2 a(x) dx 
Jn 



+ / / (\u\ 2 + 2p)u-Vadxdr, 




holds for all < t < T, and o £ C$°(R N ). If, in addition, u £ 
L 3 ([0, T); L 3 (ft)) on some subdomain Q C M N , then ((SJ) guarantees 
that the limit of the right hand side exists as t — > T for all a £ C^(ft), 
and hence, so does the limit on the left hand side. It therefore defines 
a non-negative measure on Q, which we call the energy measure and 
denote by St- If the solution does not loose smoothness at time T, 
then trivially, 



Thus, deviation from ([HD can be viewed as a measure of severity of the 
blow-up. One way to quantify this deviation is to consider how low the 
Hausdorff dimension of a set of positive d£r-measure can be: 



In Theorem 12.11 we will prove that the size of can be controlled 
from below by the growth of L°°-norm at the time of blow-up: if 
u £ L r L°°(Q), for some r > -j| + 1, then dx > N — and St has no 
atoms if r = -j| + 1 (a more general statement is given in Lemma [2. 2p . 
In the case of a self-similar solution, this translates into the following 
statement: if v £ L°° in fl3]), then the energy at time T cannot con- 
centrate on sets of dimension smaller than iV — 2a. Unfortunately, our 

technique does not rule out concentration to a point under milder con- 
— +i 

dition |p(-)||oo £ L^ eak which is the kind of condition that appears in 
the case a — y. Instead, we will examine this case, as well as a < N/2, 
from the point of view of the opposite phenomenon - the energy drain. 

In Theorem 13.11 we interpret energy drain as a merger of two solu- 
tions, given and the trivial one. As a consequence of Theorem I3.1[ if 
u £ L r L°°, for some r > 1, and ||w(£)||2 — > on a domain Q at time T, 
then the following improvement occurs ||w(t)||2 < C$(T — t) 1-5 , for all 
5 > 0. This can be interpreted as curbing the influence of pressure on 
local uniqueness. Let us now consider self-similar blow-up in the case 
a = N/2. Condition v £ L 2 ensures drain of energy in the annulus 
Po/2 < \x — xq\ < po- Hence, the improved rate in self-similar variables 
translates into the bound f L< \ y \ <2 L \ v \ 2 dy ^ l~ n - 2 - s _ This rate of de- 
cay of energy is strong enough to put v automatically in all LP spaces 



(6) 



dST^x) 



u(T, x)\ 2 dx. 



(7) 



d T = mf{d > : 3S C ft, dim H (S) < d, S T (S) > 0}. 
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for -^q-j- < p < N + 4 + 5. Obviously, the lower bound |i>| > \y\~ N ~ 1+5 , 
even in a sector, is inconsistent with these implications. We thus obtain 
a more robust exclusion condition. In the case a < N/2, condition @ 
ensures energy drain in the entire region of self-similarity \x — Xq\ < po- 
The improved rate gives the bound Ji y \ <Li \v\ 2 dy < £JV-2-4a+<^ f QY a jj 

5 > 0. This implies v = in the range < a < y, without any 
L p -condition as previously considered in [3]. The full list of exclusions 
based on energy drain is stated in Corollary 13.21 

Adaptations of the general results above to the Navier-Stokes system 
is given in Section HJ We show that the estimates on the linear term in 
many cases are subordinate to those obtained for the non-linear term. 
However we believe that a more meaningful use of the parabolic nature 
of the equation may improve the results. 

2. Energy concentration 

Theorem 2.1. Suppose u G Z/([0, T); L°°(fi)) for some r > + 1. 
Then dx > N — Moreover, if r = j| + 1, then £t has no atoms. 

2.1. Case r = + 1. The case r = + 1 is in fact straightforward. 
Suppose £t({x }) = e > 0. Let us fix a small p > so that S 4p (x ) C 
Q. Let us fix a C°°-function < o < 1 with o~{x) = 1 on Bi/ 2 (0) and 
a(x) = on WL N \Bi(Q). Let o~ p (x) = a((x — x )/p). From the energy 
equality (jSJ) we obtain for all £ < T 

£o < / x)| 2 cr /3 (x) + / / (|w| 2 + 2p)u ■ Vdp (ixrfr 
Jn Jt Jn 

r r T r 



<C/ |u(£,x)| 2 cfe + — / / ( M + Mbl) ^dr. 

\x—xo\<p P Jt J\x—xq\<p 



Note that L^ +1 L°° n L°°L 2 C L 3 L^. Thus, 

-/ / 0| 3 + IuIW) dardT < ||w|| 3 3 jv • 

PJt J\x-x \< P n LH[t,T);L—l) 

So, letting p — y first and then £ — >• T, we arrive at the contradictory 
statement e = 0. 

Further analysis reveals that if energy concentration is to occur it 
has to happen over a family of shrinking balls. 

Lemma 2.2. Suppose u G L 1 ([0, T); Suppose that for any 

A > 0, 

(8) liminf / \u(t,x)\ 2 dx = 0. 
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Then St has no atom at {xo}. 
One can easily check that u £ L^ +1 L°°, or a weak-type condition 

N 

\\u(t)\\oc < o(T - t)(T - t)^+2 implies ©. 

Proof. Let E = \ J R3 \u\ 2 dx denote the total (time-independent) en- 
ergy of the solution. The cubic term in the last integral has a straight- 
forward estimate 



u\ 3 dx < E\\u(r) 



I oo- 



x-xo\<p 



We split the pressure as follows p = pi oc + pi +P2, where p\ oc is the local 
term of ([2]), and does not require attention, while 



p x \x) = / ; p 2 {x) = 

J\y~x \<2p ^ |y— a-'o|>2p 

We have, by the Calderon-Zygmund boundedness, 

/ |w||pi| eke < I / |w| 2 Gfe) I / |w| 4 Gb] 

J\x-xo\<p \J\x~x \<p J \J\x-XQ\<2p J 

< E\\u(t)\\^. 



as to the p 2 term we have 

\u\\p 2 \dx < C\\u(r)\\ 00 p N sup / _ X \u{y)\ 2 dy 

x—xo\<p \x— xq\<p J \y— xo\>2p U\ 

Returning to the energy inequality, we obtain 

(9) e <C [ \u(t,x)\ 2 dx + — f ' Hr^dr 

J\x-x \<p P Jt 

For any fixed A > 0, let p = A Wu^W^dr. Letting t — > T, the 
above implies 6q < A~ x , a contradiction. □ 

2.2. Case r > jr + 1. Let us fix an < L < 1, the subdomain fl^ = 
{x G Q : dist{x, 5Q} > L}, and without loss of generality assume that 
S C Ql- Let us fix a small 5 > and large M e N such that 

(10) M5>N- 1 



r — 1 

The main technical ingredient is the following lemma. 
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Lemma 2.3. There exists a constant C = C(5,L,u) > and po = 
Po(S, L, u) > such that for every x G Ql and p < p one has 

(11) sup I \u(t,x)\ 2 dx <Cp N ~^- s . 

The theorem follows immediately from Lemma 12.31 Indeed, suppose 
that dim^(S') = d < N — Let 5 > be so small that d < 

N — -^j- — 5. Then for every e > there exists a cover of S by open 
balls B p .(xi), pi < po, Xi G VL Ll with 




<C± P r^ S <Ce. 

1=1 

Proof of Lemma \2.3[ To simplify our notation, let us assume that 
x = 0, T = 0, and the time t > is reversed. Let us introduce 
some notation first. Let us fix a positive time to > 0, and p < Po where 
Po is small, but fixed, satisfying 

(12) log 2 (L/p ) >3M + 4. 

The time to will be determined later and will depend on p. Let o G 
C$°(R N ) with a = 1 on \x\ < 1/2 and a = on |ac| > 1. Denote 

E(t,p) = J \u(x,t)\ 2 a(x/ p) dx 
f(t) = ||«(t)|U<»(n) 
F{t) = ^ f(r)dr. 

Note that fi x i <p \u(x, t)\ 2 dx < E(t,2p). Our goal will be to establish 
uniform bounds on the energy E(t,p) for all t < to and p < po- In 
all computations below < will denote an inequality that holds up to a 
constant independent of p or t. 

Let p < po be fixed, and let K = [log 2 (L/p)] — 1. From the above, 
K — 3M > 3. Notice that the ball {|x| < 2 A p} is still inside the domain 
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Q. From the energy equality (JSJ) we find 

(13) E(t,p) < E(t ,p) + - f° [ (\u\ 3 + \u\\p\) dx dr. 

P Jt J\x\<p 

Using introduced notation, we have 

to r rto 

I \u\ 3 dxdr< / f(r)E(r,2p)dT. 

J\x\<p Jt 

As to the pressure term we split similar to the previous p = pi oc +Pi+P2, 
where 



Pi[x) = I ; p 2 {x) = 

\y\<2p J\y\>2p 

The term with p\ is estimated through the Calderon-Zygmund inequal- 
ity as before, and gives 

° f \u\\p x \dxdr< [° f(r)E(r,Ap)dr. 

J\x\<p Jt 

For p 2 we obtain for all |x| < p, 

^ K-3M ^ 2% NM 
H k=3 



Thus, 

■•/„ p r t K-m 

>I<p 

Putting all the estimates together we obtain 
(14) 



rto r rt K-3M j 

/ / \u\\p 2 \dxdr< / f(r) 7 W - k E(T,2 k p)dT + p N F(t). 

Jt J\x\<p Jt k=3 £ 



E(t,p)<E(t ,p) + - £ -L f° f(r)E(r,2 k p)dr + P N - 1 F(t). 
P k=i 

Notice that the index k must be allowed to reach 3 for the above step to 
be possible. With our choice of K, we therefore can make M iterations 
of (fl~4l) . Let ki — k and t\ = r. From ffl4"l) we obtain 



E(t u 2^p) < E(t , 2 fe V) + ^- £ i /(*2)^2, 2 fcl+fc2 / 



fci+fc 2 <^-3(M-l) 
+ 2 (7V-l) fclp 2 F(ti)> 
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Plugging back into <HM we obtain 

K-3M . 

E(t,p)<E(t ,p) + -F(t) ^7^(^2 fel p) 



' fe 1= l 

1 r* 



+ E i [° f(h)dt 2 d tl 
ki=i Jt Jt i 

^ k 1 +k 2 <K-3(M-l) Jt Jtl 

Estimating all the energies at time t trivially E(t ,l) < l N f 2 (to) we 
obtain 

E(t,p) < p N f 2 (t ) + Kp N - l f(t )F(t) + ±F\t)p 

+ i e r r /(t2)E(t2 ' 2 " i+fe2p) ^ 

P fci+fc a <K-3(Af-l) * 4l 

The next iteration produces the following inequality 

E(t, p) < p N f(t )K (l + F(t)/p + ^{F(t)/pf 

+p 3 {^im/pf+^m/pf 



^ <. — , 2 iV ( fc l+ fc 2)2 fc l+ fc 2 
H k 1 +k 2 +k 3 <K-3(M-2) 

f(h) [° f(t 2 ) r f(t 3 )E(t 3 ,2 k ^+ ks P )dt 3 dt 2 dt 1 . 



t-2 



On the M-th step we obtain 



E(t,p) < Kp N f(t ) + + Jm^^/p)^) 
+ P N (^(F(t)/p) 2 + ... + ^(F(t)/p) M 



+ -^sum M 



1 

? 

where the "sum^f" involves an M-tuple integral similar to the above. 
Replacing the energies in that integral trivially by ||m||2, we obtain 

1 

7 



iM -sum M < (F(t)/p) M . 
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We thus arrive at the following estimate for all < t < to 

E(t, p) < Kp N f(t ) exp (F(t)/p) + p N exp (F(t)/p) + (F(t)/p) M . 

j — i 

By Holder, F(t) < t r \\u\\LrL°°(n)- Suppose we can choose to ~ p~ + 
such that f r (t ) < ±. Then, in view of {TO}, and K < \ log 2 p| < p 5 , 
the bound above would give the desired inequality (ITT]) . To find such 
to we recall that / G L r (0,T). Then starting from some t' > for 
all t < t' there exists a t G [t/2, t] such that f r (t Q ) < l/t . Indeed, 
otherwise the integral of / would diverge logarithmically. In addition, 
t' depends only on ||/|| r - Therefore by further reducing the size of po 

to satisfy pp" 1 < t' we obtain the desired conclusion. □ 

Applying Theorem 12.11 to the case of self-similar solutions ([3]) with 
v G L°° we immediately obtain the following conclusion. 

Corollary 2.4. Suppose v G L°° , < a < y. Then in the region 
of self-similarity the energy does not concentrate on sets of dimension 
smaller than N — 2a. 

3. Local merger and self-similar solutions 

Theorem 3.1. Suppose U\ andu 2 are two classical solutions to ([T|) on 
a time interval [0,T), andVui,U2 G L T ([0,T); L°°(Q)) or V«2, «i G 
Z/([0,T); L°°(Q)) for some r > 1. Suppose further that 

(15) \\ui(t) - u 2 (t)\\ L 2 {a) -> 0, as t -> T. 

T/ien /or ewer?/ compactly embedded subdomain Q' C and ewer?/ 5 > 
t/iere exzsts C > such that 

(16) |M0 - u 2 (t)\\ L 2 {QI) < C{T - t) 1 ' 6 , ast^T. 

Proof Let us assume for definiteness that Vtti, «2 G L r ([0, T); L°°(fi)). 
Let w = ui — u 2 . Then u> satisfies 

(17) 10^ = — w ■ Viti — «2 • Vw — Vg, 

where g is the associated pressure recovered via a relationship similar 
to (J2j). By the standard covering argument it suffices to show that for 
every xo G O there exists a po > such that 

(18) f \w(t,x)\ 2 dx<C(T-t) 2 - 5 . 

J\x—x Q \<po 

Let us assume for notational convenience that xq = G Q. Let us 
denote 

E(t,p) = / \w(t,x)\ 2 dx. 

J\x\<p 
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The result will follow from the following energy estimate 

(19) E(t, p) < ^ f(r)E(r, 4p) dr + £ y/E(r, 4p) dr, 

where / = ||wi||oo + ||Vwi||oo + II ^2 II oo- To see that, first, let us note 
the following interpolation inequality 

_v_ 

||ui||oo < Cn|KI| 2 " +2 (IKIIoo + || Vui Hoo)^ 2 - 

N+2 

Since the energy of Mi is bounded, we obtain HuiHaf < max-fC^; ||Vwi||oo}, 
and hence / G L r . Let us now consider 

a = sup{a < 2 : 3p > 0, 3C > : E(t, p) < C{T - t) a as t -»■ T}. 

From (fl9~|) it follows that «o > 1 — 1/r, and (1TB]) is equivalent to «o > 2. 
Assume that «o < 2. Then let 5 > be small, and a > — 5. Let 
p > be as in the definition. Then, from ( JT9|) . 



£(f./VD< ^ f{r)E{r,p)dr + f y/E^jdr 
t Jt 



-6+2 



(20) 

< (T - t) x -H«o- 5 + (T-t)~ 

The power now is strictly grater than provided 5 is small enough, 
which is a contradiction. 

We now turn to proving f lT9|) . From the energy equality, for all 

t <T-e < T, 

E(t,p) <E(T-e,p) + - [ [ (\u 2 \\w\ 2 + \w\\q\) dxdr 

(21) , T _ £ PA iN " 2p 

I Vui\ \w\ 2 dxdr. 



H J\x\<2p 

Letting e — > we obtain 

(22) E(t,p)<C p f [ (\u 2 \\w\ 2 + \w\\q\ + \Vu 1 \\w\ 2 )dxdT. 

Jt J\x\<2p 

We have 

/ (M + \V Ul \)\w\ 2 dx < (||« 2 (r)||oc + || Vwi(r) || ^(r^p). 

J\x\<2p 
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The local part of the pressure adds another term ||tti(r)|| 00 £'(r, 2p). 
The non-local part is split as before, 

qi(x) = / Kij(x - y)(wiuf ] + Wiuf } )(y)dy 
J\y\<*p 



q 2 (x) = J Kij(x - y){wiu) + wiu) ')(y)dy. 

\y\>4p 



We have 



/ |w||gi|(ix< ( / |w| 2 ofo; J ( / |w| 2 (|wi| + \u2\) 2 dx j 

J\x\<2p \J\x\<2p J \J\x\<ip / 

< E{tAp){\Wx\\oo + Moo), 

while simply using that \q 2 \ < 1 1 1 1 1 2 1| ^2 1 1 2 we have 
/ \w\\q 2 \dx < C p y/E(r, 2p). 

J\x\<2p 

Incorporating the above estimates into fl22|) we obtain 

E(t,p)<J (||wi||oo+||VMi||oo+||M2||oo)-E(r,4p) dr+j y/E(r, Ap) dr, 

which is the desired inequality. □ 

Assuming u 2 = in the above theorem we can find several new 
exclusion criteria for self-similar blow-up. First let us assume that 
v G C} oc and \v{y)\ < M 1-5 , as y — > 00, for some < 5 < 1, and 
a > 0. This puts the solution u in L r L°° for some r > 1 in the region 
of self-similarity. In the case a = N/2, the natural energy assumption 
v G L 2 implies that ||w(t)||2 — > in any annulus < p\ < \x — x \ < p . 
Thus, the solution merges with the trivial zero solution, and hence, 
Theorem 13.11 implies 



/ \v\ 2 dy<jj^ : 

J L<\v\<2L *-> 



TN+2-8'- 

>L<\y\<2L 

for all 5' > 0. Now, by Holder for any p < 2 we have 

\v(y)\ p dy < L N ~^ ( [ Hy)\ 2 dy) P/2 < l n ~( n + 1 )p+ 8 \ 

L<\y\<2L \JL<\y\<2L J 

This implies that v G LP , for all -^-j- < p < 2. Furthermore, if p > 2, 
then trivially, 

L (p-2)(1-S) 

Hy)\ p dy< s , , 

'L<\y\<2L ^ 
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which implies v G L p , if p < 4 + N. In summary, v G L 2 implies 

v G P| L"(R*). 

^X<P<iV+4 

Let us note that under the assumption \v(y)\ > i^prr^ these solu- 
tions have been already excluded in [3] . So, the implications above are 
somewhat more general. 

In the case a < N/2, the natural energy bound on v, coming from 
the boundedness of the global energy, is 

/ \v\*dy<L»-*>, 
J\y\<L 

while the energy drain condition becomes 

/ \v\ 2 dy < L N - 2a o{l), as L -> oo. 
J\y\<L 

Notice that since N — 2a > this is equivalent to a similar condition 
over dyadic shells. Again, according to Theorem 13.11 the improved 
energy bound becomes 

/ \v\ 2 dy < L N ' 2 ~^ S \ 

for any S' > 0. This excludes solutions in the range a > ^f^-, while 
in the range < a < is inconsistent with the bound from below 
\ v (y)\ ~ f° r an y < 2a + 1. We summarize our observations in 
the following corollary. 

Corollary 3.2. Suppose v,q is a self-similar solution to (pQ) in the 

form (|3]). Suppose \v\ < Then v = or nonexistent in any of 

the following cases 

.a = %,veL 2 \C{_N T<p<N+4 IJ>; 

. ^<«<f ; f ]yl<L \v\ 2 dy<L N - 2 "o(l); 

•0<a<^, J lyl<L \v\ 2 dy < L N - 2a o(l), and ^ < \v(y)\, for 
some < 2a + 1. 

4. Adaptations to the Navier- Stokes system 

Most of the results of the previous sections carry over to the viscous 
case too. Here we assume N = 3. Even though some of them may not 
be optimal for this case, we will show that the contribution of the linear 
term in most cases is of lower order, and thus is subordinate to the 
contribution of the nonlinear term. We start with the concentration 
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results. Let us assume that (u,p) is a solution to the Navier-Stokes 
equation 

ut + u ■ Vu + Vr> = uAu 

< 23 > v.„ = o 

with smooth initial data m . Suppose that [0,T) is an interval of reg- 
ularity of u. It was shown in [5] that the condition u £ L^L 00 holds 
automatically on [0,T). 

Corollary 4.1. Let u be a regular solution to the Navier-Stokes equa- 
tion on an interval [0, T). Suppose (jSJ) holds. Then £ T has no atoms. 
In particular, £t has no atoms if u £ L 5 / 3 ([0, T); L°°(Q)). 

Proof. Two additional terms that appear on the right hand side of the 
energy equality are 

(24) -v [ [ \Vu\ 2 a p dxdr +- / / \u\ 2 Aa p dxdr. 

Jt Jn 2 J t J Q 

The first term has a negative sign, so it can be dropped. For the second 
term we have the estimate 



1 



1/3 



\u\ 2 Aa p dxdr < — J J \u\ 2 dxdr < j ( / //|'V/.r ) <h 
< I I \Vu\ 2 d:nlr -> 



as t — > T. 

□ 

A minor modification makes it possible to extend the conclusion 
of Theorem 12.11 to larger values of r. Let us note however that if 
r > 2, then u satisfies the Prodi-Serrin regularity condition, and hence, 
Theorem 12.11 holds trivially. 

Corollary 4.2. Suppose u £ Z/([0, T); L°°), 5/3 < r < 7/4, and u is 
a regular solution to the Navier-Stokes equation on the interval [0,T). 
Then 

3r — 5 

d T > 



r — 1 

Proof. Let us keep the original forward direction of time t — y T. The 
initial energy inequality fTl4|) should be replaced with 



E(t,p) < E(T -t ,p) + -sum 

P 

— v / | Vu\ 2 a p dxdr + — / / \u\ 2 Acr p dxdr. 

JT~t Jo, 2 Jx-to Jn 
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for all T — to < t < T. The negative viscous term on the right hand 
side can be dropped as before, while the other viscous term can be 
estimated by 



V - I I \u\ 2 Aa p dxdr <t /p 2 . 

1 JT-tn Jtt 



'T-to JfL 

Subsequent iterations of this term result in the sum 
t f 2 (l + F(t)/p + ... + j^(F(t)/p) M ), 

2-r , 

which, given the choice of to, is comparable to p r - 1 . In order for this 

3r-5 

term to be less than the required p r - 1 the exponent r has to satisfy 
r < 7/4. 

□ 

Clearly from the proof, if r > 7/4, then the dimension becomes 
d < 2 —^. However, it is somewhat unnatural that it becomes smaller, 

r— 1 ' ' 

hence more singular, as r approaches its regularity threshold value 
r = 2. 

The local merger results of Section [3] carry over backward in time. 
This is because the basic energy inequality ( 12 ip has time direction 
reversed. Thus, assuming that the merger time is 0, and for t > 0, the 
extra viscous term that appears on the right hand side is 

— [ [ \w\ 2 Aa p dxdr < — f E(t, p) dr. 
2 Jo Ju ' P Jo 

This term further appears in f lT9|) . and does not effect the rest of the 
proof. 
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